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THE OPERATIONAL SOLUTION OF A LINEAR 
HOMOGENEOUS DIFFERENTIAL SYSTEM 
FRED RonER'l'SON 
The Differential Operator 
1. An operator is a symbol for an operation upon a function 
called the object function. The result of the operation is called 
the resultant function. The basic operator of the differential 
calculus is the differential operator D and of the integral calculus 
it is the integral operator D-1 . When D operates upon f(t) the 
operation shall be defined as 
(1.1) D f(t) = df(t) dt 
provided the limit exists. 
lim [f(t+h)-f(t)] = f'(t). 
h_,.o h 
In the preceding equation, D, is called the operator, f ( t), 
the object function and, f' ( t), the resultant function. 
When n is a positive integer the operator Dn shall mean the 
iterated operator DD - - - D ton factors. When Dn oprrater. on 
f ( t) it shall mean 
Dn f(t) 
Since 
dnf ( t) 
~· 
ddn af(t) = a dnf(t) tn ~ 
the operational form is 
(1.2) Dn af(t) = aDn f(t) 
and the operations Dn and a are commutative. 
If a, b, c are constants, the distributive law holds i.e. 
(a+b-c) D = aD +bD - cD = Da +Db -- De= D 
(a+b-c). 
For variables this law is 
(1.3) D[u(t)+v(t)+ - - - ] = Du(t) +Dv(t)+ - - - . 
The commutative law holds for constants, i.e. Dnam =amDn, 
but it does not hold for variables. 
279 
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Since 
d dv du 
dt (u v) = n dt + dt v 
the operational equation becomes 
(1.4) D (uv) = ulh + Du v. 
If u = x and the operator D is detached the operational equa-
tion ( 1.4) beromes 
(1.5) Dx =xD+L 
In some applications the constant may be different from unity. 
A linear differential operator of the nth order with constant co-
efficients is defined to be 
L (D) = ao Dn + a1 Dn-1 + - - - + an 
where ao, av - - - an are constants ao * o, an * o. 
Two linear differential operators L(D) and M(D) of orders 
m and n with constant coefficients satisfy the relation 
L(D) M(D) = M(D) L(D). 
An analogous relation holds when the coefficients are func-
tions of x and D bnt then the right hand member is expressed 
in terms of Picard forms·* 
The inverse operator to L ( D) is the operator which operating 
on the resultant function of the operation L(D) has for its 
resultant function the original object function. 
In symbols 
(1.6) J(D) L(D) = L-l(D) L(D) = 1 
1 
where J(D) = L(D) = L-l(D). 
The use of the differential operator in solving non-homogeneous 
linear differential equations will now be shown. Consider the 
equation 
dny dn-ly dn-2y 
ao dtn + al dtn-1 + a2 dtn-2 + ---+ any= 'I' (t). 
In operational form it becomes 
*Bourlet, C., Sur les operations en general et les equations differentielles 
lineaires d 'ordre Infini, Annales de l 'ecole Normale Superieure, Ser. 3, Vol. 
14 (18(l7) pp. 133-190. 
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(1.7) L(D) y = (a0 D 11 + a 1 D 11- 1 + - - - + a 11 )y = '¥ (t) 
from which 
( 1.8) 1 y = I~(D) '¥ (t). 
1 The question of the interpretation of the operator now 
L(D) 
arises. Two interpretations will be giYen. 
1 If L (D) may be expanded in a series of positive integral 
powers of D such that 
1 00 
--.- = ~ anD", 
L(D) n;=o 
then 
00 (1.9) L auD 11 '¥ (t) = aoD 11 
n=o 
+ a2Dn-2 '¥ (t) + -- -
The function y is then expressed in a series of succcssiYe 
derivatives of the known function '¥ (t). 
If L (D) can be factored into non-repeated linear factors of 
the form 
then 
(1.10) 1 1 y = L(D) '¥ (t) = (D-a1 ) - - - (D-an) '¥ (t). 
Since the operutor _D_!___ arose from the differential equation 
-a1 
(D-a1 )y = '¥ (t). 
the solution of that equation is 
( 1.11) y = _1_ '¥(t) = ea1t[fe-a1t '¥(t) dt +CJ. D--a1 
Applying successively (l.11) (with a1 replaced by a 2 , a 2 re-
placed by a3 , - - - ) to equation ( 1.10) the solution of ( 1.8) is 
obtained. 
The existence of a solution is implied. 
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In applying operators some very useful shifting formulas have 
been developed. A partial list follows.• 
F(D)e±at = e±at F(D+a), 
e±at F(D) = F(D+a) e±at . 
The Integral Operator 
2. The fundamental operator of the integral calculus is 
symbolized by n-1. It is defined as 
(2.1) D-1f(x) = J: dt .f(t). 
The operators D and D-1 are in general not commutative. 
Thus 
f x d D-lD f (x) = 
0 
dt dt .f(t) = .f (x) - .f (o) 
and 
D n-1 .f (x) = !J: dt .f(t) = .f (x) 
and the relationship 
[D n-1 - D-1D) f(x) = f(o) 
holds. 
The nth iterated operator is represented by 
(2.2) D-1n-1 - - - n-1 f(x) = D-n f(x) -
f :dtl f~1dt2 - - -f >tn.f (tn)• 
By a well-known theorem of integral equations (2.2) becomes 
(2.3) D-n .f (x) = f: dt1 J:1dt2 - - -J~atn .f(tn) = 
(~-=-1) ! s:.f(ri) (x-ri)n-ldl]. 
The operators in equation (2.3) may be generalized. Let n 
be positive but not necessarily an integer. Also if f(ri) pos-
sesses an expansion about ri = x and (n-1) ! be replaced by 
r(n) then (2.3) becomes 
*For a more extensive list see Stephens, Eugene, ''Elementary Theory of 
Operational Mathematics,'' pp. 253-264. 
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(2.4) 
where .f ( 'Y)) is replaced by its operational equivalent 
(2.5) .f(TJ) = .f(x) + (11-x).f'(x) + (11;x)2 .f"(x) 
+ ---= e-(x---'IJ)Dj(x). 
. If the shifting substitution x - 11 = s is made in equation 
(2.4), it becomes 
f x sn-le-SD (2.6) D-n_f(x) = 
0 
I'(n) ds .f(x). 
It should be noted that in equation (2.5) e-(x-fl)Dj (x) 
= j(11) while in equation (2.6) e-SDf(x) = j(o). The 
spifting substitution x - ri = s has changed the independent 
variable from the value x = ri to x = o. 
The fractional derivative will be obtained from the identity 
f x sn-le-SD f (x) = DnD-nf(x) = Dn --
. • 0 r(n) ds .f (x) 
in replacing n by 1 - a where o<a<l. The result is 
f x g-ae-SD (2.7) DU.f (x) = D 0 re-a> ds .f(x). 
The form for the general derivative will be obtained from 
(2.7) by m consecutive differentiations of each member. The 
result is f x g-Ue-SD (2.8) nm+uf(x) = Dm+i ds. 
. o r(I-a) 
The Heaviside Expansion Theorem 
3. The theory of the differential and integral operators when 
the operath·e functions depend on x has been discussed by 
Bourlet* in the article previously cited. When the object func-
tion is the constant unity some useful special operational form-
ulas result. :B'or instance, if 
then 
(3.1) 
F(D) = D 
D-a 
anxn 
-- - eax n! - , 
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since by definition of the operator D-n 
(3.2) D-n 1 = x~ , . 
n. 
Similarly 
(3.3) D 1 = e-ax. 
D+a 
By partial fractions and substitution 
(3.4) D2 1 [ D D ] D2-a2 1 = 2 D+a + D-a 1 -
= cosh ax 
and 
(3.5) 2~ [DD~ -D~al l 2a 
1 . h 
= - sin ax. 
a 
The rule for differentiation of a hyperbolic sine function is 
evident from formulas (3.4) and (3.5) and that for the hyper-
bolic cosine function is easily derived. 
D To obtain the result function of the operntor oper-(D-a) n 
ating on unity, the usual scheme of differentiating partially 
each member of a known operational formula will be employed. 
Thus· since 
and 
D 1 = e•x 
D-a 
an [ D ] 
can D-a 
D 
l=n! 1 (D-a)n+1 
it follows that 
(3.6) D 1 = xn-1eax (D-a) 11 (n-1) ! 
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The equation (3.6) is useful in developing certain operational 
formulas such as 
(3.7) 
Db2n oo 
--- 1 = e•x ~ (D-a)2n-l n=o 
(bx)2n 
(-l)n -(2n) ! = eaxcos bx, a * o, 
and 
(3.8) 
e•x 00 n (bx)2n+1 eax . 
b n~o (-1) (2n+l) ! = b sm bx, a* o. 
If :B' (D) is a polynomial of the nth degee with no repeated 
zero. and if :B'(D) = (D-a1 ) - - - (D-an). 
I11 (am) = o, (m = 1, 2 - - - n) 
W(D) = <ldD F(D), 
d 
F'(am) == dD [F(D)b =am (rn == ], 2, - - - n) 
then it has been shown that 
( 3.9) 
and by (3.1) equation (3.9) becomes 
(3.10) f (D) = f(o) + :i: F(D) :B'(o) m=l 
.f (am) 
amF'(am) 
The equations ( 3.9) and ( 3.10) are celebrated expansion 
theorems of Heaviside. 
The Duhamel Integral 
4. Let us consider the opera tor function I<' ( D) and the ob-
ject function f(x). If F(D) can be expanded in a series of 
the form 
00 (4.1) F(D) = ~ Cn D-n 
n=o 
then 
00 
(4.2) D-1 F(D) .f(x) = ~ Cn D-(n+ii .f(x). 
n=o 
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Replace n-1 by its value from equation (2.6). Then equation 
( 4.2) becomes 
oo fx sn-le-SD 
(4.3) n-1 F(D) .f (x) =
11
:
0 
C0 " r(n) ds .f(x) 
which is of the form 
(4.4) F(D) .f(x) = D f >(s) e-SD ds f(x). 
Equation ( 4.4) gives the result function of F (D) f (x) 
as a Duhamel integral. Interesting results are obtained when 
.f (x) := 1. 
It should be noted that the operator in the left-hand member 
of equation (4.4) is a function of D alone while the operator 
in the right-hand member is a function of x and D. The two 
operators in the equation are equivalent operationally but not 
algebraically. Sometimes it is advantageous to modify equation 
( 4.4) to have the two members both algebraically and operation-
ally equivalent. In that case we may proceed as follows. Let the 
operator in the right-hand member of equation (2.8) be repre-
sented by Qn (x,D) and integrate by parts to obtain the recursion 
relation 
( 4.5) n-le-xD Q ( D) Qn(x,D) = - XDr(n) + o-1 ~, 
Applying this relation (n-1) times gives 
n-1 xn-r 1 _ e-xD 
Qn(x,D) = - e-xD r:1 Drr(n-r+l) + D 
when the integral expression for Qn (x,D) is evaluated. 
Now 
( 4.6) lim Qn ( x. D) = lim f x sn-Ie-SD ds = X~CXJ X~CXJ o r(n) 
f oo sn-le-SD _ -n 
o r (ii ) ds - D . 
The two integrals in equation ( ±.6) are operationally equiva-
lent to D-n but the latter, the Laplace integral, is also alge-
braically equivalent to the integral for Q11 (x,D). 
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Let us use this operator with the finite upper limit to solve 
a second order linear homogeneous differential system. The 
system is of the form 
(4.7) L(D)y = (D2 + a1 D + a2 ) y = o, y(o) = bv 
y'(o) = bz, y(b) = b3, y'(b) = b4. 
It follows that 
[D + a1 + a2D-1 ] y = y' (o) - y'(b) + a1 [y(o) - y(b) ], 
[1 + a1D-1 + a2D-2] y = [[y'(o) - y' (b)] + a1 [y(o) -
y(b)]] n-1 + y (o) - y(b) 
and 
(4.8) y = 
[ [y'(o) - y'(b)] +a, [y(o) - _y(b)]} D + [y(o) -y(b) J D2• 
L(D) 
Integration by parts of the right hand member of equation 
( 4.4) gives 
(4.9) F(D) = - h(s)e-sDjx+ fxe-SDh'(.s)ds. 
0 • 0 
Then multiplying by D and applying the shifting theorem 
to e-xDh(x) and e0 h(o) for the ends of the interval (o,b) the 
equation ( 4.9) becomes 
(4.10) DF(D) = [h(o) - h(b)] D + D f~ e-8Dh'(s)ds. 
Similarly 
(4.11) D2:B'(D) = [h(o) - h(b)]D2 + [h'(o) - h'(b)]D 
+DJ: e-8Dh"(s)ds. 
Multiply ( 4.4) by a2, ( 4.10) by a1 and add ( 4.11) to form 
the operational equation, L (D). Then 
(4.12) L(D) F(D) = [h(o) - h(b)]D 2 + ([h'(o) -
h'(b) + a1 [h(o) - h(b) ]JD +D J: e-8D[h"(s) + a1h'(s) 
+ a 2]ds. 
Identifying y with h(s) the integrand in (4.12) vanishes and 
(4.13) F(D) = 
[h(o) - h(b)]D2 + ([h'(o) - h'(b)] + 11i[h(o) - h(b)]]D 
L(D) 
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The solution of equation (4.7) is y = h(s) where h(s) is 
defined by ( 4.4). 
l1et us apply the theory to solve the linear homogeneous dif-
ferential system 
(D2 + a2)y = o, ( 1t ) 1 v -
· 2a - a' y' (2:) = 0. 
Equation ( 4.13) for this problem reduces to 
F(D) - - ___!__ n2 
- a n 2+a2 
Then h (x) as determined from the I1aplace integral in ( 4.6) is 
h(x) =sin ax_ 
a 
since 
( 4.14) F(D) = D Joo sin as e-SD(L" = _ 1 D2 
o a a D2 + a2 
vVhen the integral is evaluated and the values of h(x) at the 
end points are used, the solution is 
.sm ax 
y=-a-
as may be verified by direct substitution. 
A similar procedure may be followed using the Laplace trans-
form provided the condition at the right hand end of the 
interval satisfies the condition lim h ( s) e-sD = o. 
s-;. oo 
This theory may be extended to partial differential equatious. 
MATHE1\1A'l'ICS DEPAR'l'MENT, 
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